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Abstract
This paper is concerned with the existence and nonexistence of positive solutions of the nonlin-
ear fourth-order beam equation u(4)(t) + ηu′′(t) − ζu(t) = λf (t, u(t)), 0 < t < 1, u(0) = u(1) =
u′′(0) = u′′(1) = 0, where f (t, u) : [0,1] × [0,+∞) → [0,+∞) is continuous and ζ , η and λ are
parameters. We show that there exists a λ∗ > 0˙ such that the above boundary value problem (BVP)
has at least two, one and no positive solutions for 0 < λ < λ∗, λ = λ∗ and λ > λ∗, respectively.
Furthermore, by using the semiorder method on cones of Banach space, we establish a uniqueness
criterion for positive solution of the BVP. In particular such a positive solution uλ(t) of the BVP
depends continuously on the parameter λ, i.e., uλ(t) is nondecreasing in λ, limλ→0+ ‖uλ(t)‖ = 0
and limλ→+∞ ‖uλ(t)‖ = +∞ for any t ∈ [0,1].
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In this paper we consider the existence and nonexistence of positive solutions of the
nonlinear fourth-order beam equation with three parameters
u(4)(t)+ ηu′′(t)− ζu(t)= λf (t, u(t)), 0 < t < 1, (1.1)
u(0)= u(1)= u′′(0)= u′′(1)= 0, (1.2)
where ζ , η and λ > 0 are parameters.
It is well known that the deformation of the equilibrium state, an elastic beam its two
ends of which are simply supported, can be described by a boundary value problem for
a fourth-order ordinary differential equation [1]. This problem has been studied by many
authors, see Bai and Wang [1], Li [3,4], Liu [5], Ma [7,8], Wong and Agarwal [9], Yao and
Bai [10] and references therein.
In 1999 Yao and Bai [10] considered the problem
u(4)(t) = λh(t)f (u(t)), 0 < t < 1, (1.3)
and
u(0)= u(1)= u′′(0)= u′′(1)= 0. (1.4)
By Krasnosel’skii’s fixed point theorem they obtained some results of existence of one
and two positive solutions for the BVP (1.3) and (1.4) under the conditions (i) f0 = 0 and
f∞ = ∞, or (ii) f0 = ∞ and f∞ = 0, where
f0 = lim
u→0+
f (u)
u
and f∞ = lim
u→∞
f (u)
u
.
More recently Li [4] studied the problem
u(4)(t)+ βu′′(t)− αu(t) = f (t, u(t)), 0 < t < 1, (1.5)
u(0)= u(1)= u′′(0)= u′′(1)= 0 (1.6)
under the conditions
(H1) f : [0,1] × [0,∞)→ [0,∞) is continuous;
(H2) α,β ∈R and β < 2π2, α −β24 , α/π4 + β/π2 < 1 and either
f¯0 < π
4 − βπ2 − α, f ∞ > π4 − βπ2 − α,
or
f 0 > π
4 − βπ2 − α, f¯∞ < π4 − βπ2 − α,
where
f 0 = lim infu→0+ mint∈[0,1]
f (t, u)
u
, f¯0 = lim sup
u→0+
max
t∈[0,1]
f (t, u)
u
,
and
f ∞ = lim infu→+∞ mint∈[0,1]
f (t, u)
u
, f¯∞ = lim sup
u→+∞
max
t∈[0,1]
f (t, u)
u
.
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one positive solution.
In this paper we show that the numbers of positive solutions of (1.1) and (1.2) is deter-
mined by the parameter λ, that is to say we prove that there exists a λ∗ > 0 such that (1.1)
and (1.2) has at least two, one and no positive solutions for 0 < λ< λ∗, λ= λ∗ and λ > λ∗,
respectively. Furthermore, by using the semiorder method on cones of Banach space, we
establish a criterion for the existence of a unique positive solution of (1.1) and (1.2). In
particular such a positive solution uλ(t) of (1.1) and (1.2) satisfies the following proper-
ties: (i) uλ(t) is nondecreasing in λ. Furthermore, λ1 > λ2 > 0 implies uλ1(t) uλ2(t) for
t ∈ [0,1]; (ii) limλ→0+ ‖uλ(t)‖ = 0, limλ→+∞ ‖uλ(t)‖ = +∞ for any t ∈ [0,1]; (iii) uλ(t)
is continuous with respect to λ, i.e., λ → λ0 > 0 implies ‖uλ(t) − uλ0(t)‖ → 0 for any
t ∈ [0,1].
For the sake of convenience we let C[0,1], as usual, be a Banach space of all continuous
functions defined on [0,1] with sup-norm ‖ · ‖.
2. Preliminaries and lemmas
In order to prove our results we introduce the following definitions and lemmas. Let E
be a real Banach space and P be a cone of E. The semiorder induced by the cone P is
denoted by “,” that is, x  y if, and only if y − x ∈ P .
Throughout this paper the following hypotheses are needed.
(H1) f : [0,1] × [0,∞)→ [0,∞) is continuous.
(H2) ζ, η ∈R and η < 2π2, ζ − η24 , ζ/π4 + η/π2 < 1.
Let γ1 and γ2 be the roots of the polynomial P(γ ) = γ 2 + ηγ − ζ, i.e.,
γ1, γ2 = 12
(−η ±√η2 + 4ζ ).
In view of (H2) it is easy to see that γ1  γ2 > −π2. Let Gi(t, s) (i = 1,2) be the Green’s
functions corresponding to the boundary value problem
−u′′(t)+ γiu(t)= f (u, t), u(0)= u(1)= 0. (2.1)
Then we have the following lemma.
Lemma 2.1 [4]. Assume that Gi(t, s) (i = 1,2) is the Green’s function corresponding to
(2.1). Then
(i) Gi(t, s) > 0 for any t, s ∈ (0,1).
(ii) Gi(t, s) CiGi(s, s) for any t, s ∈ [0,1], where Ci > 0 is a constant.
(iii) Gi(t, s) δiGi(t, t)Gi(s, s) for any t, s ∈ [0,1], where δi > 0 is a constant.
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Gi(t, s) =


{
sinhνi t ·sinhνi(1−s)
νi sinhνi , 0 t  s  1,
sinhνis·sinhνi(1−t )
νi sinhνi , 0 s  t  1,
γi > 0,
{
t (1 − s), 0 t  s  1,
s(1 − t), 0 s  t  1, γi = 0,{
sinνi t ·sinνi(1−s)
νi sinνi , 0 t  s  1,
sinνis·sinνi(1−t )
νi sinνi , 0 s  t  1,
− π2 < γi < 0,
and
sup
0<t,s<1
Gi(t, s)
Gi(s, s)
= Ci < +∞, inf
0<t,s<1
Gi(t, s)
Gi(t, t)Gi(s, s)
= δi > 0,
where Ci = 1 and δi = νisinhνi if γi > 0; Ci = 1 and δi = 1 if γi = 0;
Ci =
{
1, if −π24 < γi < 0,
1
sinνi , if −π2 < γi < −π
2
4 ,
and δi = νi sinνi if −π2 < γi < 0. Let
C+[0,1] = {u ∈ C[0,1] | u 0, t ∈ [0,1]},
Mi = max
0s1
Gi(s, s), mi = min
1/4s3/4
Gi(s, s), i = 1,2,
and
C0 =
1∫
0
G1(τ, τ )G2(τ, τ ) dτ.
Then C+[0,1] is a normal cone of the Banach space C[0,1], Mi , mi and C0 > 0.
Define a mapping Φλ :C+[0,1] →C+[0,1] by
(Φλu)(t) = λ
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, u(s)
)
ds dτ. (2.2)
It is clear that [4] Φλ :C+[0,1] → C+[0,1] is completely continuous and the positive
solution of the BVP (1.1) and (1.2) is equivalent to nontrivial fixed point of Φλ in C+[0,1].
We also define the subcone of C+[0,1] by
P =
{
u ∈C+[0,1] | u(t) k‖u‖, t ∈
[
1
4
,
3
4
]}
,
where k = δ1δ2C0m1/(C1C2M1).
It is easy to prove that the following lemma is true.
Lemma 2.2. Φλ(P ) ⊂ P and Φλ :P → P is completely continuous.
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Lemma 2.3 [2]. Let X be a Banach space, K a cone and Ω a bounded open subset of X.
Let θ ∈Ω and T :K ∩ Ω¯ →K be condensing. Suppose that T x = x for all x ∈K ∩ ∂Ω
and   1. Then i(T ,K ∩Ω,K)= 1.
Lemma 2.4 [2]. Let X be a Banach space and K a cone of X. Assume that T : K¯r → K
(Kr = {x ∈ K, ‖x‖ < r, r > 0}) is a compact map such that T x = x for x ∈ ∂Kr . If
‖x‖ ‖T x‖ for x ∈ ∂Kr , then i(T ,Kr,K)= 0.
3. Existence
Before stating our results we list some conditions which are needed below.
(H3) f (t, u) is nondecreasing in u for t ∈ [0,1].
(H4) f (t,0) > cˆ > 0 for all t ∈ [0,1], where cˆ is a constant.
(H5) f∞ = limu→∞ f (t,u)u = ∞ for any t ∈ [0,1].(H6) f (t, ρu) ραf (t, u) for ρ ∈ (0,1) and t ∈ [0,1], where α ∈ (0,1) is independent
of ρ and u.
Lemma 3.1. Suppose that (H3) and (H4) hold. Then there exists λ∗ > 0 such that the
operator Φλ has a fixed point u∗ at λ∗ with u∗ ∈ P \ {θ}.
Proof. Set
u(t) =
1∫
0
1∫
0
G1(t, τ )G2(τ, s) ds dτ, t ∈ [0,1].
Choose h(t) = 1 ∈ C+[0,1]. By Lemma 2.2 in [4] we have
u(t)
δ1δ2C0
C1C2M1
G1(t, t)‖u‖ k‖u‖,
which implies that u ∈ P. Let λ∗ = M−1fu , where Mfu = maxt∈[0,1] f (t, u(t)), and
(Φλ∗u)(t) = λ∗
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, u(s)
)
ds dτ.
Then Mfu > 0 and
u(t) =
1∫
0
1∫
0
G1(t, τ )G2(τ, s) ds dτ
 λ∗
1∫ 1∫
G1(t, τ )G2(τ, s)f
(
s, u(s)
)
ds dτ.0 0
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uˇ0(t) = u(t) uˇ1(t) · · · uˇn(t) · · ·L1G1(t, t),
where
L1 = cˆλ∗δ1δ2C0
1∫
0
G2(s, s) ds.
In view of (H3), Lemma 2.2 and the Lebesgue convergence theorem it follows that {un}∞n=0= {Φnλ∗ uˇ0}∞n=0 decreases to a fixed point u∗ ∈ P \ {θ} of the operator Φλ∗ . The proof is
complete. 
Lemma 3.2. Suppose that (H3)–(H5) hold. Set
Sλ = {u ∈ P : Φλu = u, λ ∈ I },
where I ⊂ [a,∞) for some constant a > 0. Then there exists a constant CI such that
‖u‖ <CI for all u ∈ Sλ.
Proof. Suppose to the contrary that there exists a sequence {un}∞n=1 such that limn→∞ ‖un‖= +∞, where un ∈ P is the fixed point of the operator Φλ defined by (2.2) at λn ∈ I
(n= 1,2, . . .). Then
un(t) k‖un‖ for t ∈
[
1
4
,
3
4
]
.
Choose J1 > 0 so that
J1akδ1δ2m1m2C0 > 2,
l1 > 0 so that
f (t, u) J1u for u > l1 and t ∈
[
1
4
,
3
4
]
and N0 > 0 so that ‖uN0‖ > l1/k. By Lemma 2.1 we see that
(ΦλN0
uN0)
(
1
2
)
= λN0
1∫
0
1∫
0
G1
(
1
2
, τ
)
G2(τ, s)f
(
s, uN0(s)
)
ds dτ
 λN0δ1δ2G1
(
1
2
,
1
2
) 1∫
0
1∫
0
G1(τ, τ )G2(τ, τ )G2(s, s)f
(
s, uN0(s)
)
ds dτ
= λN0δ1δ2C0G1
(
1
2
,
1
2
) 1∫
0
G2(s, s)f
(
s, uN0(s)
)
ds
 λN0δ1δ2C0m1
3/4∫
G2(s, s)f
(
s, uN0(s)
)
ds1/4
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2
aδ1δ2C0m1m2kJ1‖uN0‖ > ‖uN0‖
and so
‖uN0‖ = ‖ΦλN0 uN0‖ =
∥∥∥∥∥λN0
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, uN0(s)
)
ds dτ
∥∥∥∥∥
 (ΦλN0uN0)
(
1
2
)
> ‖uN0‖ for t ∈ [0,1],
which gives rise to the desired contradiction. The proof is complete. 
Lemma 3.3. Suppose that (H3) and (H4) hold and that the operator Φλ has a positive
fixed point in P at λˆ > 0. Then for every λ∗ ∈ (0, λˆ) there exists a function u∗ ∈ P \ {θ}
such that Φλ∗u∗ = u∗.
Proof. Let uˆ(t) be a fixed point of the operator Φλ at λˆ. Then
uˆ(t) = λˆ
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, uˆ(s)
)
ds dτ
 λ∗
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, uˆ(s)
)
ds dτ,
where 0 < λ∗ < λˆ. Set
(Φλ∗u)(t) = λ∗
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, u(s)
)
ds dτ,
u0(t) = uˆ(t) and un = Φλ∗un−1 = (Φnλ∗u0)(t). Then
L2G1(t, t) un+1(t) un(t) · · · u1(t) u0(t),
where L2 = cˆλ∗δ1δ2C0
∫ 1
0 G2(s, s) ds, which implies that {Φnλ∗u}∞n=0 decreases to a fixed
point u∗ ∈ P \ {θ} of the operator Φλ∗ . The proof is complete. 
Lemma 3.4. Suppose that (H3)–(H5) hold. Let Λ = {λ > 0: Φλ has at least one fixed point
at λ in P }. Then Λ is bounded above.
Proof. Suppose to the contrary that there exists a fixed point sequence {un}∞n=0 ⊂ P of Φλ
at λn such that limn→∞ λn = ∞. Then there are two cases to be considered: (i) there exists
a constant H > 0 such that ‖un‖  H , n = 0,1,2, . . .; (ii) there exists a subsequence
{uni }∞i=1 such that limi→∞ ‖uni‖ = ∞, which is impossible by Lemma 3.2. So we only
consider (i). In view of (H3) and (H4) we can choose l0 > 0 such that f (t,0) > l0H and
further f (t, un) > l0H for t ∈ [0,1]. We know that
u(4)n (t)+ ηu′′n(t)− ζun(t) = λnf
(
t, un(t)
) (3.1)
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integration by parts in the left side of (3.1) we have
(π4 − ηπ2 − ζ )
1∫
0
un(t) sinπt dt = λn
1∫
0
f
(
t, un(t)
)
sinπt dt. (3.2)
We now consider (3.2). Assume that the former (i) holds. Then
(π4 − ηπ2 − ζ )H
1∫
0
sinπt dt  (π4 − ηπ2 − ζ )‖un‖
1∫
0
sinπt dt
 (π4 − ηπ2 − ζ )
1∫
0
un(t) sinπt dt = λn
1∫
0
f
(
t, un(t)
)
sinπt dt
 λnl0H
1∫
0
sinπt dt
leads to π4 − ηπ2 − ζ  λnl0, which is a contradiction. The proof is complete. 
Lemma 3.5. Let λ˜= supΛ. Then Λ= (0, λ˜], where Λ is defined by Lemma 3.4.
Proof. By Lemma 3.3 it follows that (0, λ˜)⊂ Λ. We only need to prove λ˜ ∈Λ. In fact, by
the definition of λ˜, we may choose a distinct nondecreasing sequence {λn}∞n=1 ⊂ Λ such
that limn→∞ λn = λ˜. Set un ∈ P as a positive fixed point of Φλ at λn, n = 1,2, . . . . By
Lemma 3.2, {un}∞n=1 is uniformly bounded, so it has a subsequence, denoted by {un}∞n=1,
converging to u˜ ∈ P. Note that
un = λn
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, un(s)
)
ds dτ. (3.3)
Taking the limitation n → ∞ to both sides of (3.3) and using the Lebesgue convergence
theorem, we have
u˜= λ˜
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, u˜(s)
)
ds dτ,
which shows that Φλ has a positive fixed point u˜ at λ = λ˜. The proof is complete. 
Theorem 3.1. Suppose that (H3)–(H5) hold. Then there exists a λ > 0 such that (1.1) and
(1.2) has at least two, one and has no positive solutions for 0 < λ < λ, λ = λ and for
λ > λ, respectively.
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point uλ ∈ P \ {θ} at λ = λ. In view of Lemma 3.3, Φλ also has a fixed point uλ < uλ ,
uλ ∈ P \ {θ} and 0 < λ< λ. Note that f (t, u) is uniformly continuous in u on a compact
subset of R+. For 0 < λ< λ there exists δ0 > 0 such that
f (t, uλ + δ)− f (t, uλ) f (t,0)
(
λ
λ
− 1
)
(3.4)
for t ∈ [0,1], 0 < δ  δ0. Hence
λ
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, uλ(s)+ δ
)
ds dτ
− λ
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, uλ(s)
)
ds dτ
= λ
1∫
0
1∫
0
G1(t, τ )G2(τ, s)
{
f
(
s, uλ(s)+ δ
)− f (s, uλ(s))}ds dτ
− (λ − λ )
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, uλ(s)
)
ds dτ
 (λ − λ )
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f (s,0) ds dτ
− (λ − λ )
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, uλ(s)
)
ds dτ
= (λ − λ )
1∫
0
1∫
0
G1(t, τ )G2(τ, s)
{
f (s,0)− f (s, uλ(s))}ds dτ  0. (3.5)
We now consider the operator Φλ. By (3.5),
Φλ(uλ + δ)Φλ(uλ)= uλ < uλ + δ.
Set Duλ = {u ∈ C[0,1]: −δ < u(t) < uλ + δ}. Then Duλ is a bounded open subset
of C[0,1], θ ∈ Duλ and Φλ :P ∩ D¯uλ → P is a completely continuous and condensing
operator. Furthermore, Φλu = υu for υ  1 and u ∈ P ∩ ∂Duλ . Indeed set u ∈ P ∩ ∂Duλ .
Then there exists t0 ∈ [0,1] such that u(t0)= ‖u‖ = ‖uλ(t)+ δ‖ and
(Φλu)(t0)= λ
1∫ 1∫
G1(t0, τ )G2(τ, s)f
(
s, u(s)
)
ds dτ0 0
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1∫
0
1∫
0
G1(t0, τ )G2(τ, s)f (s, uλ + δ) ds dτ
< uλ(t0)+ δ = u(t0) υu(t0) for υ  1.
By Lemma 2.3, i(Φλ,P ∩ Duλ ,P ) = 1. In view of (H5) we choose l3 > u(t0) > 0 such
that f (t, u) J3u and J3λkδ1δ2m1m2C0 > 2 for u > l3. Set R1 = l3/k and PR1 = {u ∈ P :‖u‖ <R1}. Then Φλ : P¯R1 → P is completely continuous. Similar to Lemma 3.2 it is easy
to obtain that
(Φλu)(t) = λ
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, u(s)
)
ds dτ
 1
2
λδ1δ2C0m1m2kJ3‖u‖ > ‖u‖
for t ∈ [0,1] and u ∈ ∂PR1 . In view of Lemma 2.4, i(Φλ,PR1 ,P ) = 0. By the additivity of
fixed point index
i(Φλ,PR1 \ P ∩Duλ ,P ) = i(Φλ,PR1 ,P )− i(Φλ,P ∩Duλ ,P ) = −1.
So Φλ has a fixed point in {P ∩Duλ } \ {θ} and has another fixed point in PR1 \ P ∩Duλ
by choosing λ = λ˜. The proof is complete. 
4. Uniqueness and dependence on parameter
In the previous section we have obtained existence and nonexistence results for (1.1)
and (1.2). Now we further consider the uniqueness of positive solution for (1.1) and (1.2)
and the dependence of solutions on the parameter λ.
Define an operator Ψ :C+[0,1] → C+[0,1] by
(Ψ u)(t) =
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, u(s)
)
ds dτ.
Let
C+∗ [0,1] =
{
u ∈ C+[0,1], u(t) > 0 for t ∈ (0,1)}.
If u1, u2 ∈ C+∗ [0,1] ⊂ C+[0,1] and u1 − u2 ∈ C+∗ [0,1], then we say that u1 is strictly
bigger than u2 and denote this by u1  u2.
Lemma 4.1. Suppose that (H3), (H4) and (H6) hold. Then for any u ∈ C+[0,1] \ {θ} there
exist real numbers Qu  qu > 0 such that
qug(t) (Ψ u)(t)Qug(t) for t ∈ [0,1],
where g(t) = ∫ 1 G1(t, τ )G2(τ, τ ) dτ .0
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(Ψ u)(t) =
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, u(s)
)
ds dτ
 C2
1∫
0
1∫
0
G1(t, τ )G2(τ, τ )f
(
s, u(s)
)
ds dτ
 C2 max
s∈[0,1]
f
(
s, u(s)
) 1∫
0
G1(t, τ )G2(τ, τ ) dτ Qug(t).
Note that, for any u ∈ C+[0,1] \ {θ}, there exist an interval [a1, b1] ⊂ (0,1) and a number
p > 0 such that u(t)  p for t ∈ [a1, b1]. In addition by (H6) there exist s0 > 0 and u0 ∈
(0,∞) such that f (t, u0) s0 for t ∈ [a1, b1]. If p  u0, then f (t, u) f (t,p) f (t, u0)
 s0; if p < u0, then f (t, u)  f (t,p) f (t, pu0 p)  ( pu0 )αs0. Hence
(Ψ u)(t) =
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, u(s)
)
ds dτ

1∫
0
1∫
0
G1(t, τ )δ2G2(τ, τ )G2(s, s)f
(
s, u(s)
)
ds dτ
= g(t)δ2
1∫
0
G2(s, s)f
(
s, u(s)
)
ds  g(t)δ2
b1∫
a1
G2(s, s)f
(
s, u(s)
)
ds
 (b1 − a1)δ2
(
p
u0
)α
s0mGg(t) qug(t),
where mG = mins∈[a1,b1] G2(s, s). This completes our proof. 
Theorem 4.1. Suppose that (H3), (H4) and (H6) hold and λ = 1. Then
(i) (1.1) and (1.2) has a unique positive solution u∗ ∈C+[0,1] \ {θ} satisfying
mqg(t) u∗(t)MQg(t),
where 0 <mq <MQ are constants.
(ii) For any u0(t) ∈ C+[0,1] \ {θ} the sequence
un(t)=
1∫ 1∫
G1(t, τ )G2(τ, s)f
(
s, un−1(s)
)
ds dτ, n = 1,2, . . . ,0 0
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mined by∥∥un(t)− u∗(t)∥∥= O(1 − dαn),
where 0 < d < 1 is a positive number.
Proof. In view of (H3), (H4) and (H6), Ψ :C+[0,1] → C+[0,1] is a nondecreasing oper-
ator and satisfies Ψ (ρu) ραΨ (u) for t ∈ [0,1] and u ∈ C+[0,1]. Indeed
Ψ (ρu) =
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, ρu(s)
)
ds dτ
 ρα
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, u(s)
)
ds dτ
= ραΨ (u) for any 0 < ρ < 1, t ∈ [0,1]. (4.1)
Since f (t, u) is nondecreasing in u,
(Ψ u∗)(t) =
1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, u∗(s)
)
ds dτ

1∫
0
1∫
0
G1(t, τ )G2(τ, s)f
(
s, u∗∗(s)
)
ds dτ
= (Ψ u∗∗)(t) for u∗  u∗∗, u∗, u∗∗ ∈C+[0,1]. (4.2)
It is obvious that g(t) ∈ C+[0,1] \ {θ}. By Lemma 4.1 there exist Qg  qg > 0 such that
qgg(t) (Ψg)(t)Qgg(t).
Let
q = sup{qg: qgg(t) (Ψg)(t)}
and
Q = inf{Qg: (Ψg)(t)Qgg(t)}.
Pick mq and MQ such that
0 <mq < min
{
1, q
1
1−α
}
and
max
{
1,Q
1
1−α
}
<MQ < ∞.
Set u0 = u0(t) = mqg(t)  mqg, v0 = v0(t) = MQg(t) MQg, un = Ψun−1 and vn =
Ψvn−1, n= 1,2, . . . . From (4.1) and (4.2) we have
mqg = u0  u1  · · · un  · · · vn  · · · v1  v0 = MQg. (4.3)
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un  dα
n
vn. (4.4)
In fact u0 = dv0 is obvious. Assume that (4.4) holds with n = m (m is a positive integer),
i.e., um  dα
m
vm. Then
um+1 = Ψum  Ψ
(
dα
m
vm
)

(
dα
m)α
Ψ vm = dαm+1Ψvm = dαm+1vm+1.
By induction it is easy to see that (4.4) holds. Furthermore, in view of (4.1), (4.3) and (4.4),
we have
0 un+z − un  vn − un 
(
1 − dαn)v0 = (1 − dαn)MQg
and
‖un+z − un‖ ‖vn − un‖
(
1 − dαn)MQ‖g‖, (4.5)
where z is a nonnegative integer. Thus there exists u∗ ∈ C+[0,1] such that
lim
n→∞un(t) = limn→∞ vn(t) = u
∗(t) for t ∈ [0,1]
and u∗(t) is a fixed point of Ψ and satisfies
mqg(t) u∗(t)MQg(t).
This means that u∗ ∈C+∗ [0,1].
Next we show that u∗ is the unique fixed point of Ψ in C+∗ [0,1]. Suppose to the contrary
that there exists another u¯(t) ∈ C+∗ [0,1] such that Ψ u¯ = u¯. Without loss of generality
suppose that
u∗(t) u¯(t), u∗ = u¯ for t ∈ [0,1]. (4.6)
Let τˆ = sup{0 < τ < 1: τu∗  u¯  τ−1u∗}. Then 0 < τˆ  1 and τˆ u∗  u¯  τˆ−1u∗. We
assert τˆ = 1. Otherwise, 0 < τˆ < 1. Then
u¯= Ψ u¯ Ψ (τˆu∗) τˆ αΨ u∗ = τˆ αu∗
and
u∗ = Ψu∗  Ψ (τˆ u¯) τˆ αΨ u¯= τˆ αu¯.
These mean that τˆ αu∗  u¯  (τˆ α)−1u∗, which is a contradiction of the definition of τˆ .
Thus τˆ = 1 and u∗ = u¯, which contradicts the assumption (4.6). Note that MQ and mq are
arbitrary. Then (4.3), (4.5) and Lemma 4.1 imply that (ii) holds. The proof is complete. 
Theorem 4.2. Suppose that (H3), (H4) and H6) hold. Then (1.1) and (1.2) has a unique
positive solution uλ(t) for any λ > 0. Furthermore such a solution uλ(t) satisfies the fol-
lowing properties:
(i) uλ(t) is nondecreasing in λ. Furthermore λ1 > λ2 > 0 implies uλ1(t)  uλ2(t) for
t ∈ [0,1].
(ii) limλ→0+ ‖uλ(t)‖ = 0, limλ→+∞ ‖uλ(t)‖ = +∞ for any t ∈ [0,1].
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for any t ∈ [0,1].
Proof. Let
Φλu= λΨu.
Then Φλ satisfies all conditions met by the operator Ψ . Similar to the proof of Theorem 4.1
we obtain that Φλ has a unique fixed point uλ ∈C+∗ [0,1] ⊂ C+[0,1], that is, (λΨ )uλ = uλ.
So uλ is a unique positive solution of (1.1) and (1.2). The first part of our results is proved.
Note that the unique positive solution uλ ∈ C+∗ [0,1] ⊂ C+[0,1] and C+[0,1] is a nor-
mal cone of the Banach space C[0,1]. In view of condition (H6) we can prove that (i)–(iii)
are true (see [6]). The proof is complete. 
Acknowledgment
Sincerely thanks to Professor P.G.L. Leach and the anonymous referees for their careful reading and helpful
suggestions to improve this paper.
References
[1] Z. Bai, H. Wang, On positive solutions of some nonlinear fourth-order beam equations, J. Math. Anal.
Appl. 270 (2002) 357–368.
[2] D. Guo, V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press, Orlando, FL, 1988.
[3] Y. Li, Positive solutions of second-order boundary value problems with sign-changing nonlinear terms,
J. Math. Anal. Appl. 282 (2003) 232–240.
[4] Y. Li, Positive solutions of fourth-order boundary value problems with two parameters, J. Math. Anal.
Appl. 281 (2003) 477–484.
[5] B. Liu, Positive solutions of fourth-order two point boundary value problems, Appl. Math. Comput. 148
(2004) 407–420.
[6] X.L. Liu, W.T. Li, Existence and uniqueness of positive periodic solutions of functional differential equa-
tions, J. Math. Anal. Appl. 293 (2004) 28–39.
[7] R. Ma, Multiple positive solutions for a semipositone fourth-order boundary value problem, Hiroshima
Math. J. 33 (2003) 217–227.
[8] R. Ma, H. Wang, On the existence of positive solutions of fourth-order ordinary differential equations, Appl.
Anal. 59 (1995) 25–231.
[9] P.J.Y. Wong, P.P. Agarwal, Eigenvalues of Lidstone boundary value problems, Appl. Math. Comput. 104
(1999) 15–31.
[10] Q. Yao, Z. Bai, Existence of positive solutions for the boundary problems of u(4)(t) − λh(t)f (u(t)) = 0,
Chinese Ann. Math. Ser. A 5 (1999) 575–578 (in Chinese).
